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Protecting OAM Photons from Decoherence in a Turbulent Atmosphere
Jose Raul Gonzalez Alonso1, ∗ and Todd A. Brun1, †
1Department of Physics and Astronomy, University of Southern California, Los Angeles, California, 90089-0484, USA
One of the most important properties of orbital angular momentum (OAM) of photons is that
the Hilbert space required to describe a general quantum state is infinite dimensional. In principle,
this could allow for encoding arbitrarily large amounts of quantum information per photon, but in
practice, this potential is limited by decoherence and errors. To determine whether photons with
OAM are suitable for quantum communication, we numerically simulated their passage through a
turbulent atmosphere and the resulting errors. We also proposed an encoding scheme to protect the
photons from these errors, and characterized its effectiveness by the channel fidelity.
I. INTRODUCTION
It is a well known fact that in classical electromagnetic
theory the total angular momentum of a field can always
be decomposed into the sum of two terms [1]. One of
these terms is identifiable as the orbital part while the
other as the polarization part of the angular momentum.
Upon expressing these quantities as quantum mechanical
operators [2], it becomes clear that each of them requires
very different spaces to be diagonalized. In the case of the
polarization angular momentum, it is sufficient to have
a two-dimensional Hilbert space. On the other hand, for
the orbital case, an infinite dimensional space is needed.
Photons have always been the information carriers of
choice in quantum information, with many protocols us-
ing polarization or time-bin degrees of freedom to encode
quantum information [3, 4]. Exploiting the photon’s or-
bital angular momentum (OAM) could provide distinc-
tive advantages. The main one is an increased alphabet
size for information transmission [5]. This interesting
property, could be applied in quantum key distribution
[6, 7]. However, this potential can only be realized if suit-
able quantum information can be encoded in the OAM
photon states, and if it can be protected from the deco-
hering effect of atmospheric turbulence [8–14].
To better understand the decoherence a photon under-
goes when traveling through the atmosphere we numeri-
cally simulated the evolution and extracted a Kraus op-
erator sum decomposition for the resulting error process.
We then studied one scheme for encoding and correcting
quantum information.
The plan of this paper is as follows. The theoretical
framework for the turbulence model, and the calculation
of the Kraus operators, are presented in sections II and
III. In section IV, we describe the results of our numer-
ical simulations. In section V, we discuss the problem
of encoding information when we cannot do perfect error
correction. In section VI we present the result of encod-
ing a qubit in a photon with OAM and how the channel
fidelity behaves with the distance travelled for a given
encoding. Finally, in section VII we conclude.
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II. OAM STATES AND ATMOSPHERIC
TURBULENCE
Consider a beam that initially has a spatial wave func-
tion corresponding to an eigenstate of OAM. Write such
an eigenfunction in cylindrical coordinates as
〈r | l0, p0〉 = 1√
2π
Rl0,p0(r, z) exp(il0θ), (1)
where r2 = x2 + y2, θ = arctan
(
y
x
)
, and the beam prop-
pagates in the z direction. The functions Rl0,p0(r, z) are
a basis for the radial dependence, such as the Laguerre-
Gauss functions [8]. Throughout this paper we use
Rl0,p0(r, z) =
A
w(z)
( √
2r
w(z)
)|l0|
L
|l0|
p0
(
2r2
w(z)2
)
e−r
2/w(z)2
× e−ikr2/[2R(z)]ei(2p0+|l0|+1) tan−1(z/zR), (2)
where w(z) = w0
√
1 + (z/zR)2 is the beam width,
R(z) = z(1 + (zR/z)
2) is the radius of wavefront curva-
ture, and zR =
1
2kw
2
0 is the Rayleigh range. The quantity
tan−1(z/zR) is known as the Gouy phase.
We assume that the effects of the atmospheric turbu-
lence can be represented by the action of an operator Tˆϕ
such that〈
r
∣∣∣Tˆϕ∣∣∣l0, p0〉 = exp (iϕ(r, θ)) 〈r | l0, p0〉 . (3)
That is, the spatially-varying phase change ϕ(r, θ) repre-
sents the cumulative effect of fluctuations in the refrac-
tive index of air [9, 15]. In general, ϕ(r, z) will be a ran-
dom function drawn from a suitable ensemble. The state
of the beam after the interaction with the environment
is a superposition of several OAM eigenstates:
|l0, p0〉 Tˆϕ7→
∞∑
l=0
∞∑
p=0
αl,p,l0,p0 |l, p〉 . (4)
The coefficients {αl,p,l0,p0} are given by
αl,p,l0,p0 =
1
2π
∫∫
r dr dθ Rl,p(r, z)
× exp(i (θ (l0 − l)− ϕ(r, θ)))Rl0,p0(r, z). (5)
We are interested in studying the effect of turbulence
on the most general possible quantum state. By linearity,
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FIG. 1: (Color online) Example of the spectrum of R when maxin = 3, maxout = 6, w0 = 0.01 m, C
2
n = 1 × 10−14
m−2/3, λ = 1× 10−6 m, z = 500 m.
it is sufficient to consider initial operators of the form
|l, p〉 〈l′, p′|. These operators transform according to
|l, p〉 〈l′, p′| 7→ Tˆϕ |l, p〉 〈l′, p′| Tˆ†ϕ. (6)
From equations (4–6) it follows that
|l, p〉 〈l′, p′| 7→ 1
4π2
∑
l˜,p˜,l˜′,p˜′
∫∫∫∫
r dr dθ r′ dr′ dθ′
×Rl˜,p˜(r, z)Rl,p(r, z) exp
(
i
(
θ
(
l − l˜
)
+ ϕ(r, θ)
))
×Rl˜′,p˜′(r′, z)Rl′,p(r′, z) exp
(
−i
(
θ′
(
l′ − l˜′
)
+ ϕ(r′, θ′)
))
×
∣∣∣l˜, p˜〉〈l˜′, p˜′∣∣∣ . (7)
Since the variations in the atmosphere are random, we
take their ensemble average. If one assumes that the re-
fractive index fluctuations in the atmosphere are a Gaus-
sian random process with zero mean, then one can use
that 〈exp(ix)〉 = exp (− 12 〈x2〉) and Eq. (7) to show that
on average a general OAM state undergoes the following
transformation
|l, p〉 〈l′, p′| 7→ 1
2π
∑
l˜,p˜,p˜′
∫∫∫
r dr dµ r′ dr′ Rl˜,p˜(r, z)
×Rl,p(r, z)Rl+l˜+l′,p˜′(r′, z)Rl′,p′(r′, z) exp
(
iµ
(
l − l˜
))
× exp
(
−Dϕ (|r− r
′|)
2
) ∣∣∣l˜, p˜〉〈l′ + l˜ − l, p˜′∣∣∣ . (8)
In the equation above Dϕ is called the phase structure
function of the aberrations. We assume that this func-
tion is rotationally invariant, that is, the aberrations are
isotropic, so that
Dϕ (|r− r′|) = Dϕ(r, θ, r′, θ′) = Dϕ(r, θ − θ′, r′, 0).
This, along with the trivial change of variables µ = θ −
θ′, ν = 12 (θ + θ
′) turns Eq. (7) into Eq. (8). This phase
structure function depends on the model of turbulence
and the power spectral density of the fluctuations [16, 17].
For the Kolmogorov turbulence theory, the function Dϕ
is given by [18, 19]
Dϕ (|r− r′|) = 2
(
24
5
Γ
(
6
5
)) 5
6
( |r− r′|
r0
) 5
3
, (9)
where
r0 =
(
16.6
λ2
∫
L
dℓ C2n
)− 3
5
(10)
is the Fried parameter, which has dimensions of length
[18]. In (10), λ is the wavelength, L is the propagation
path, ℓ is length along the propagation path, and Cn
is called the atmospheric refractive index structure con-
stant. In spite of being called a constant, Cn depends
on altitude and may vary along the path [18]. Note that
other models for turbulence may lead to different expres-
sions [16].
By evaluating (8), we can extract the superoperator el-
ements of a completely positive, trace-preserving map Tˆϕ.
This map represents the decoherence process of the OAM
states. By analyzing Tˆϕ, we hope to find the dominant
noise processes of this decoherence, and construct error-
correction procedures that protect against them. Both
the integral and the analysis of the superoperator must
in general be done numerically.
III. NUMERICAL SIMULATION: PROCEDURE
The elements of the superoperator Tˆϕ can be repre-
sented as a matrix. Taking a cue from expression (7),
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FIG. 2: (Color online) Contour plots of (a) |0L〉 and (b) |1L〉 before the noise process, where maxin = 3, maxout =
6, w0 = 0.01 m, C
2
n = 1× 10−14 m−2/3, λ = 1× 10−6 m, and z = 500 m.
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FIG. 3: (Color online) Contour plots of (a) |0L〉 and (b) |1L〉 after the noise process, where maxin = 3, maxout = 6,
w0 = 0.01 m, C
2
n = 1× 10−14 m−2/3, λ = 1× 10−6 m, and z = 500 m.
the matrix elements of T should satisfy(
Tˆϕρ
)
(l˜,p˜,l˜′,p˜′)
=
∑
l,p,l′,p′
T(l˜,p˜,l˜′,p˜′),(l,p,l′,p′)ρ(l,p,l′,p′),
(11)
where we represent density operators as vectors in an
appropriately chosen Hilbert space. The elements of the
vector are
ρ(l,p,l′,p′) = 〈l, p | ρ | l′, p′〉 (12)
With this choice, the matrix elements of T are
T(l˜,p˜,l˜′,p˜′),(l,p,l′,p′) =
{
0, if l˜′ 6= l′ + l˜ − l∫∫∫
in (8), if l˜′ = l′ + l˜ − l .
(13)
As mentioned in the previous section, the matrix el-
ements of T in general must be evaluated numerically .
For this purpose, we have used the integration algorithms
in [20] and [21] as implemented by Steven G. Johson [22],
and the GNU Scientific Library [23].
In principle, the states used for communication could
be arbitrary superpositions of OAM states. However, we
will assume that the input states to the channel are re-
stricted to a subspace of the OAM Hilbert space with
angular momentum quantum numbers below some max-
imum. This kind of truncation of the Hilbert space also
makes the analysis easier; but since the effects of turbu-
lence can change the OAM of a photon, it creates the
possibility of leakage errors, where the input photons are
transformed out of the subspace. To minimize this prob-
lem, we will allow the output subspace of the photons
to be higher-dimensional than the input subspace. That
means that the matrix of the superoperator can be rect-
angular.
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FIG. 4: (Color online) Contour plots of (a) |0L〉 and (b) |1L〉 after the recovery process, where maxin = 3,
maxout = 6, w0 = 0.01 m, C
2
n = 1× 10−14 m−2/3, λ = 1× 10−6 m, and z = 500 m.
In general, the matrix representation of the superop-
erator Tˆϕ is sparse, and when considering different di-
mensions for the input and output spaces, rectangular.
For the OAM states before the noise process, we include
states with orbital angular momentum projections lin
such that |lin| ≤ maxin. After the noise process, we
include OAM states such that |lout| ≤ maxout. For the
radial quantum number, we include states |l, p〉 such that
0 ≤ p ≤ maxin or maxout respectively.
From the noise process represented by Tˆϕ, we can ob-
tain a Kraus representation. To this end, consider the
matrix R defined by rearranging the elements of T:
R(l˜,p˜,l,p),(l˜′,p˜′,l′,p′) = T(l˜,p˜,l˜′,p˜′),(l,p,l′,p′). (14)
The matrix R is always square, regardless of the values
of maxin and maxout we use to truncate the input and
output spaces. With this definition,
ρ
Tˆϕ7→
∑
l,p,l′,p′
l˜,p˜,l˜′,p˜′
T(l˜,p˜,l˜′,p˜′),(l,p,l′,p′)ρ(l,p,l′,p′) |l˜, p˜〉 〈l˜′, p˜′|
=
∑
l,p,l′,p′
l˜,p˜,l˜′,p˜′
R(l˜,p˜,l,p),(l˜′,p˜′,l′,p′)Oˆ(l˜,p˜)(l,p)ρ
(
Oˆ(l˜′,p˜′)(l′,p′)
)†
where Oˆ(l˜,p˜)(l,p) = |l˜, p˜〉 〈l, p|. We now diagonalize R:
R(l˜,p˜,l,p),(l˜′,p˜′,l′,p′) =
∑
k
λkvk
(l˜,p˜,l,p)
(
vk
(l˜′,p˜′,l′,p′)
)∗
, (15)
and use this to obtain a Kraus decomposition
ρ
Tˆϕ7→
∑
k
AˆkρAˆ
†
k, (16)
with Kraus operators Aˆk given by
Aˆk =
∑
l˜,p˜,l,p
√
λkvk
(l˜,p˜,l,p)
Oˆ(l˜,p˜)(l,p). (17)
The decomposition in (16) will allow us to order the
Kraus operators by their respective importance, that is,
by the size of their eigenvalues, and will also give us some
intuition about the dominant effects of the noise process
on our initial state.
IV. NUMERICAL SIMULATIONS: EXAMPLES
To illustrate our discussion so far, we present some of
the results of the numerical simulations needed to obtain
the elements of T, and R (see Eqs. (13) and (14)), and
the error operators defined by Eq. (17).
First, we observe that the eigenspectrum of R is dom-
inated by its few largest eigenvalues (see Fig. 1). The
first, and largest one, is for Aˆ1. Upon further inspection,
we see that Aˆ1 is close to the identity operator
Aˆ1 = cˆI + ǫˆ, (18)
where ‖ǫˆ‖ is small. We note that some of the remaining
nonzero eigenvalues are degenerate, corresponding to a
pair of error operators.
The actions of two error operators with the same eigen-
value parallel each other. One operator raises the initial
value of l by a given amount, while the other lowers it
by the same amount. As the eigenvalues become smaller
and smaller, the values by which the pair of error op-
erators raise and lower l become larger and larger. Put
differently, large changes in the value of OAM for a beam
are unlikely. The question of how to encode our initial
OAM states to protect them from the noise process will
be studied in the following sections.
5V. ENCODING AND PROTECTING A QUBIT
In this section we explore the possibility of encoding
a qubit using a suitable basis of OAM states to protect
it agaainst turbulence. The basis states should be such
that after encoding a qubit and then performing a suit-
able noise recovery operation we maximize the quantum
channel fidelity [24] of the atmospheric turbulence chan-
nel. However, before choosing the encoding, we must
know how to implement the error recovery map.
Since we are truncating both the input and output
space we cannot expect to be able to do perfect quantum
error correction: the error map is not trace preserving.
However, we can do approximate quantum error correc-
tion (see [25–27]). The idea behind approximate quan-
tum error correction (AQEC for short) over a system
with Hilbert space H and noise process E is to solve the
triple optimization problem
max
W
max
R
min
|ψ〉∈H0
F
(|ψ〉 〈ψ| ,W−1 ◦ R ◦ E ◦W |ψ〉 〈ψ|) .
(19)
Here, H0 denotes the qudit space (a subspace of H), E
the error map,W the encoding map,R the recovery map,
and F the fidelity. One can fix an encoding map an then
try to find the solutions to the problem
max
R
min
|ψ〉∈C
F (|ψ〉 〈ψ| ,R ◦ E |ψ〉 〈ψ|) , (20)
where C is the code space. Although (20) can be solved
by convex optimization methods [28], we can more easily
use the transpose channel to construct a near optimal
recovery map [25]. The recovery map we use is given by
RP =
∑
k
P Aˆ†kE(P )−1/2(·)E(P )−1/2AˆkP. (21)
In Eq. (21), P is the projector onto the code space,
and E(·) = ∑k Aˆk(·)Aˆ†k is the error map. Finally, the
inverse of E(P ) (actually, a pseudoinverse) is taken over
its support.
Now that we know how to implement the error recov-
ery map for a particular choice of code, we can write an
expression for the channel fidelity C:
C = max
P
1
d2
∑
k,l
tr
∥∥∥P Aˆ†kE(P )−1/2Aˆl∥∥∥2 , (22)
where P is the projector onto the code space, and d is
the dimension of the space we are encoding. For a qubit,
d = 2.
VI. ENCODING AND RECOVERY RESULTS
To illustrate the performance of the AQEC approach,
we now show some examples of how the channel fidelity
varies with the path length of the path for a qubit (d = 2)
encoded using OAM. Ideally, we should choose our code
space to maximize the channel fidelity. However, even
with the simplifications of the AQEC, optimizing (22) has
only been feasible for very small examples. In these ex-
amples, the optimal encoding was usually one that max-
imized the distance between the OAM values of the basis
states. For this reason, we used the following encoding
to investigate how robust OAM states with AQEC are to
atmospheric noise:
|0〉L =
|−maxin, 0〉+ |−maxin, 1〉√
2
, (23)
|1〉L =
|maxin,maxin − 1〉+ |maxin,maxin〉√
2
. (24)
In figures 2 - 4 we plot the basis states we have chosen
for certain cases before and after the noise process, and
after the recovery. We can see that the recovery map
visibly restores the states, though not perfectly, to their
initial conditions.
In our simulations we also investigated the effect of the
dimensions of the input and output spaces on the channel
fidelity. For this purpose, we used maxin = 1, 2, 3 for
the input space, and maxout = maxin,maxin + 1, . . . , 6
for the output space. The output space was always at
least as big as the input space. The effects of both the
dimensions and the path length are summarized in Fig.
5 and in Table I.
We expected that as we made the input space larger
(higher values of maxin) the values for the channel fi-
delity would improve, as there would be more distance
between the values of OAM in the encoded states. We
see that in general terms this is true, provided that the
output space is also large enough to reduce leakage errors
due to truncation of the space (this is, for example, the
reason why the case maxin = 2, maxout = 6 has better
channel fidelities than the case maxin = 3, maxout = 6).
Rather unsurprisingly, but disapointingly, we also see
that the channel fidelity rapidly decays as the ratio w/r0
increases. This decay is so fast that, even with error cor-
rection, after w/r0 = 2.6639× 10−1, the OAM states for
a moderate level of turbulence C2n = 1× 10−14m−2/3 be-
come unusable for quantum communication. This could
be an artifact of our approximations, or of a subop-
timal encoding or recovery. However, we believe it is
more likely that OAM photons are too sensitive to atmo-
spheric turbulence to be useful for quantum communica-
tion without some much better method of compensating
for the noise. Perhaps coupling quantum error correction
with other protection methods, such as decoherence-free
subspaces, or the use of adaptive optics, may prove fruit-
ful in increasing the communications range over which
OAM photons can be used to transmit quantum infor-
mation. These are subjects for future research.
Our results agree with the work done [11, 17, 29] and,
from an experimental perspective, from the behavior ob-
served in [30–32]. However, unlike these works, we have
6maxin maxout
w
r0
= 3.4046 × 10−3 w
r0
= 1.3561 × 10−2 w
r0
= 9.6954 × 10−2 w
r0
= 2.6639 × 10−1 w
r0
= 7.1673 × 10−1
1 1 0.9997 0.9965 0.8864 0.4749 0.1169
1 2 0.9999 0.9987 0.9511 0.6879 0.2528
1 3 0.9999 0.9988 0.9558 0.7399 0.3556
1 4 0.9999 0.9988 0.9569 0.7548 0.4240
1 5 0.9999 0.9988 0.9574 0.7603 0.4672
1 6 0.9999 0.9988 0.9577 0.7629 0.4942
2 2 0.9995 0.9954 0.8595 0.4659 0.1522
2 3 0.9999 0.9994 0.9709 0.7423 0.2927
2 4 1.0000 0.9997 0.9836 0.8399 0.4015
2 5 1.0000 0.9997 0.9862 0.8710 0.4815
2 6 1.0000 0.9998 0.9871 0.8824 0.5375
3 3 0.9994 0.9938 0.8258 0.4344 0.1700
3 4 0.9999 0.9992 0.9619 0.7110 0.3001
3 5 1.0000 0.9995 0.9805 0.8282 0.4044
3 6 1.0000 0.9996 0.9847 0.8754 0.4856
TABLE I: The effect of the size of the input and output spaces on the channel fidelity when w0 = 0.01 m, C
2
n = 1 ×
10−14 m−2/3, and λ = 1× 10−6 m.
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FIG. 5: (Color online) Behavior of the channel fidelity as a function of w/r0 for several values of maxin and
maxout. In all cases, w0 = 0.01 m, C
2
n = 1× 10−14 m−2/3, λ = 1× 10−6 m.
bulence channel and studied the behavior of the chan-
nel fidelity, not the channel capacity as is more com-
monly done. Also, we have studied the application of
approximate quantum error correction to the problem of
protecting OAM photons from atmospheric turbulence,
something that, as far as we know, has not been tried
before.
VII. CONCLUSIONS
In principle, OAM could be used to encode large
amounts of quantum information per photon to be trans-
mitted through air. Through numerical simulations, we
were able to extract a Kraus representation for the er-
ror process OAM photons undergo through a turbulent
atmosphere. We described the effects of turbulence us-
ing Kolmogorov’s model. To protect OAM photons form
errors, we applied the methods of approximate quantum
7error correction. Unfortunately, our numerical simula-
tions indicate that even with quantum error correction,
the range over which we can use OAM for effective quan-
tum communications is very limited. Perhaps it is pos-
sible to better protect OAM photons from noise if we
couple quantum error correction with other methods like
adaptive optics or decoherence-free subspaces. These are
the subject of ongoing research.
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